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A new, two-parameter, nonaffine family of complex Hadamard matrices of order 6 is reported. It 
interpolates between the two Fourier families, and contains as one-parameter subfamilies the Di^a 
family, a symmetric family and an almost (up to equivalence) self-adjoint family. 



I. INTRODUCTION 

Complex Hadamard matrices have recently been given some attention in connection 
with the search for mutually unbiased bases (MUBs). In particular, it has been empha- 
sized(author?) 1 that the seach for the maximum number of such bases in dimension 6 
would be simplified if a complete characterization of the related complex Hadamard matri- 
ces were available (for notation, and a catalogue of complex Hadamard matrices, see Refs. 
2 and 3). There are indications(author?)— '— that such a characterization will involve (at 
least) one four-parameter family of Hadamard matrices, together with a single, isolated ma- 
trix Sq°\ Until recently, however, the largest families known were the two-parameter Fourier 
Fg 2 ' and Fourier transposed (Fq 2 ^) t families. Three smaller, one-parameter, families were 

also known, the Dq family 5 , a symmetric family^, Mg , and a self-adjoint family^, -Bg , 
leaving the anticipated full set of complex Hadamards of order 6 largely unexplored. 

In this note, a new two-parameter family is constructed that interpolates between the 
two Fourier families, and contains and as subfamilies; futhermore, another newly 
found two-parameter family(author?)— *— , , can be seen as an extension of -Bg 1 "*. 1 

With these new results, the set of known complex Hadamard matrices of order 6 has been 
significantly enlarged, and a more coherent family pattern has emerged: there exist four 
(partially overlapping) two-parameter families (the affine families and {F^) T , the 

(2) 

nonaffine family reported here, and the nonaffine family Xq ), and all the previously known 
one-parameter families appear as subfamilies. 

On the other hand, by numerical means it is easy to generate matrices which appear 
to belong to additional families, albeit of unknown parametric form. Since these families 
also seem to have elements in common with the known families, there is little doubt that 
eventually some (or all) of the presently known two-parameter families will reappear as 
sub-families of some yet to be found three- or four-parameter family or families. 

(2) 

The new family reported here, together with the family Xg , are the only two-parameter, 
nonaffine families of complex Hadamard matrices of any order < 12 that have been found 
so far. For order 12, the four two-parameter families of order 6 can be combined into 
nine-parameter families with up to four nonaffine parameters. 



*Electronic address: bengt.karlsson@physics.uu.se 

1 With the original pararnetrization^, (Xg 2 ^) T is not equivalent to Xg 2 \ However, topologically (Xq 2 ^) t 
and Xg 2 ^ combine to form the surface of a sphered. In this note, the parameter space of X^ is understood 
to have been extended to include also that of (Xg 2 ^) T . 
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II. COMPLEX HADAMARD MATRICES 



An N x N matrix H with complex elements hij is Hadamard if all elements have modulus 
one, \hij\ — 1, and if H^H/N = HH'/N = 1 (the unitarity constraint). Two Hadamard 



matrices are termed equivalent, H\ ~ H2, if they can be related through 

H 2 = D 2 P 2 H 1 P 1 D 1 



(1) 



where D\ and D 2 are diagonal unitary matrices, and P\ and P 2 are permutation matrices. 
A set of equivalent Hadamard matrices can be represented by a dephased matrix, with ones 
in the first row and the first column. 

In the 6x6 case, several families of (non-equivalent) Hadamard matrices are known. The 
two-parameter Fourier family F^ can be given on the dephased forrn^ 
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where z\ — exp(ia), z 2 = exp(z6), / = exp(27ri/6), and where / denotes the complex 
conjugate of /. The matrices (Fg 2 \a,b)) T , where T denotes transposition, form a separate 
family, with (F 6 (2) (0, 0)) T = F 6 (2) (0,0) 



F 6 as the generic Fourier matrix. 



The one-parameter family can be given on the forrn^ 
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(3) 



where z = exp(ic) and — 7r/4 < c < 7r/4. 



III. A NEW TWO-PARAMETER FAMILY 



With the goal of constructing a new family of 6 x 6 complex Hadamard matrices that 
interpolates between the two Fourier families, consider the ansatz 

1 1 1 1 1 \ 

— 1 Z\ —Z\ Z\ —Zl 

z 2 an CL12 bn bi 2 , . 

-z 2 a 2 i a 22 b 2 i b 22 

z 2 en C12 dn d 12 

-Z% c 2 i c 22 d 2 i d 22 J 

where all matrix elements are complex numbers of modulus one, and where in particular z\ = 
exp(ixi) and z 2 = enp(ix 2 ). The matrices H(xi,x 2 ) will form a two-parameter Hadamard 
family if, by imposing the unitarity constraint = HIP /6 = 1, all matrix elements 

can be solved for in terms of Z\ and z 2 . 

The conditions on the matrix elements a«j , bij , Cy and dij that follow from the unitarity 
constraint are of two types, linear and quadratic. The linear conditions can be summarized 
as 

a + c = b + d = a + b = c + d=-Z (5) 



H(xi,x 2 ) = 



Vi - 
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where a, b, c and d are 2x2 matrices with elements a.y etc, i, j = 1, 2, and where 



Z 



1- i(l-Zi)(l-*2) 
Zl(l-i(l-«l)(l-* 2 )) 



«a(l - |(1 - - *0) 
-ziz 2 (l-f(l-zi)(l-z 2 )) 



The matrix Z satisfies the relations 

Z f Z = ZZ 1 



1 
1 



and its elements have the properties 
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Z22 



ziz 2 Z 12 
— Z1Z2Z11 



(6) 



(7) 



(8) 



and 



l^iil 2 = \Z22f = 1- 7 (zi-zi)(z 2 -f 2 ) 



1^12 r = l^2l|= 1 + 7 («1 -«l)(22-«2) 



(9) 



From ([5]) it follows that d = a and c = b, and it is therefore sufficient to proceed with the 
simplified ansatz 
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H(xi,x 2 ) = 



for which the linear unitarity constraint reads 

a + b = Z. 

The remaining, quadratic constraints can now be combined to read 

1 
1 



(10) 



(a f + b f )(a + b) = (a + b)(a f + b f ) = 2 



(a 1 -b f )(a-b) = (a-b)(a f - b f ) = 6 



1 
1 



(11) 

(12) 
(13) 



In view of ([7]), the constraints l[T2"]l are satified for any a and b satifying (fTTj) . 

Since all elements of a and b are of modulus one, and \Zij\ < y/2 for all i and j, the 
relation (fl3~)l can be solved element by element, 



2-2) 



\Z l3 \ 2 4 



(14) 



where the cr^ 's are (so far undetermined) sign factors. Furthermore, the remaining quadratic 
constraints (fT3|) are also satisfied by these solutions if only 



f 11C21 — Cl 2 (T 22 . 



(15) 
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In all, therefore, there are 2 4 /2 = 8 sign combinations for the cr^-s for which the ansatz (@]) 
leads to a Hadamard matrix. For each choice of x\ and x%, the corresponding 8 matrices 
can be obtained one from the other through permutation of rows and/or columns (3 and 5 
and/or 4 and 6), and they are therefore equivalent. The matrix with o\\ = —a 22 = 1 and 
<Ti2 = — (J 21 = 1 is chosen as representative for the equivalence class (with this choice, a and 
b become Hadamard matrices) . The end result is therefore a single, and new, two-parameter 
family of complex Hadamard matrices of order 6. 

In order to better expose the relationships between the elements of a and b, and between 
the new family and the two Fourier families, introduce the notation 



/1 = -an(xi,x 2 ) fa = -a n (-x 1 ,-x 2 ) 

h = -au(xi,-x 2 ) fi = -a 1 i{~x ll x 2 ) 



(16) 



where, from ([T4 



an{x u x 2 ) = -(1 - -(1 - zi)(l - z 2 )){\ 17 ^77 - 7) 

2 2 V 1 - l( z i " z i)( z 2 - z 2 ) 4 



[0S( 2 ' lSm[ 2 ))[ 2 +J Vl + sin( : r 1 )sin(x 2 ) 4 ; 



(17) 



In this notation, 



a=( Z h r ~ Z2/ H and *>=( ~ f % ~**H ) (18) 



-z x f 2 z x z 2 fi J \ -Zifi ziz 2 f 3 

The factors /, are of unit modulus, and in the limits z\ — » 1 and/or z 2 — > 1, i.e. Xi — » 
and/or x 2 — > 0, they all reduce to the factor / = (1 + za/3)/2 = exp(27ri/6) appearing in (J2j - 

It should finally be noted that a\\(x\ + 7r, x 2 ) = z 2 a\i(xi > — x 2 ) and aufxi, x 2 + 7r) = 
zian(— xi, x 2 )- As a result, if(xi + tt, x 2 ) = H(x\,x 2 )P3iP§§ and H{x\,x 2 + tt) — 
P^Pi5H{xi,x 2 ) where Pij is the i *-* j (row or column) permutation matrix, i.e. 
H(x\ + ir,x 2 ) and H(x\,X2 + n) are both equivalent to H(xi,x 2 ). Hence, for the new 
family it is sufficient to chose the parameters from the domain — 5 < X\ < ?, — § < x 2 < ?, 
where as before Z\ = exp(ixi) and z 2 = exp(ix 2 ). 



IV. ONE-PARAMETER SUBFAMILIES 

Some one-parameter subfamilies of the new two-parameter family are of particular interest. 

1. Two Fourier subfamilies. 

Taking x\ — or x 2 — in H(xi,x 2 ) one finds 

H(x,0) ~ F 6 (2) (x, 1) 

if(0,x) ~ (F 6 (2) (x, x)) T (19) 

where Fg (x, x) is a subfamily of the Fourier family F 6 V (a, 6). For instance, taking x 2 = 0, 
it follows that fx = f 2 = /a = f± = /, so that 



a = J j J 7 and b = % \ (20) 

1 -21/ zi/ / V -Zif zif 1 
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and the one-parameter subfamily Fg (x,x) is obtained as P26P24P35H (x, 0)P24-P35- 

The new family therefore interpolates between (subsets of) the Fourier families, as in- 
tended, with for instance £?/(£) = H(£x, (1 — £)x), < £ < 1, as an interpolating subfamily 
for any given x. 



2. A symmetric subfamily. 



A symmetric subfamily H(x, x) is found along the main diagonal of the parameter domain. 
In this case z\ = Z2 = z = cxp(ix) so that 
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The matrix obtained after permutation of rows 4 and 6 is symmetric, 
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(23) 



and this subfamily coincides with the symmetric family M 6 recently reported by Matolcsi 

and Szollosi®. Specifically, P±qH(x,x) equals Mg (x) after permutation of rows 4 and 5, 
and of columns 4 and 5. 



3. An essentially self-adjoint subfamily 

Another subfamily of interest is H(x,—x), found along one of the diagonals in the param- 
eter domain. In this case Z2 = zi, so that (with z\ = z = cxp(ix)) 
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where gi, gi and gz are the factors defined in ((2TJ) . The resulting one-parameter Hadamard 
matrix is not self-adjoint, but essentially self-adjoint in the sense that it is equivalent to its 



adjoint, [H(x, 



H(x,—x). Indeed, [H(x, 



only differs from H (x, —x) through 



an interchange of columns 4 and 6, and of rows 3 and 5, 



H(x, —x) = 



f 1 


1 


1 


1 


1 


1 


\ 


1 


-1 


z 


— z 


z 


—z 




1 


z 


~92 


-91 


~92 


-93 




1 


—z 


Si 


92 


"93 


92 




1 


z 


-92 


-93 


~92 


-9i 


) 


Vi 


—z 


~93 


92 


-91 


92 



= P 35 [H(x,-x)]^R 



46 • 



(26) 



4- The Di^a family D t 



(i) 



At the corners of the parameter domain, the new family contains as a one-parameter 
subfamily. Indeed, taking x\ = ir/2 — t\ and X2 = vr/2 — €2 , and letting £1,62 — * + , one 
finds 



where z = exp(zx) and 
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(28) 



The angle x can take any value between — 7r/4 and ir/4 depending on how the limit point is 
approached. The resulting one-parameter Hadamard family 
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is equivalent to the family Dg (c) in ((3j) . To see this, first multiply the 6 columns by 
and i, respectively, and then interchange rows 1 and 2, rows 3 and 4, and 
columns 3 and 4. If finally x is replaced by — c, the (c) of ([3]) is obtained. 



5. Other subfamilies. 



Other particularly simple subfamilies are found along the borders of the parameter do- 
main, H(x, 7p and H(^,x). 
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V. SUMMARY AND OUTLOOK 



Collecting results, a new two-parameter family of complex Hadamard matrices of order 6 
has been found, 
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elements are given in terms of four factors, 

fx = f(xi,x 2 ) 
h = f(xi,-x 2 ) 



fa = f(-xi,-x 2 ) 
U = f(-xi,x 2 ) 



(30) 



The 
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(32) 



with \ f(x 1 ,x 2 )\ = 1. 

The new family has the subfamily H(x, 0) in common with the Fourier family, the 
subfamily H(0, x) in common with the Fourier-transposed family, a symmetric subfam- 
ily H(x,x) that coincides with and it contains the Di^a family at the points 
x 2 = ±5 . It therefore provides a bridge between these previously studied fami- 



Xl = 
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Other simple subfamilies include the border families H(x, §) and H(^,x). The subfamily 
H(x, —x) is essentially self-adjoint in the sense that each member matrix is equivalent to its 



adjoint, [H(x,- 



H(x, 



Using well-known constructions, the four two-parameter families F 6 l , (F ( 



i(2)vT 



(2) 

Xq may be combined into multi-parameter complex Hadamard matrices of higher orders. 
For instance, let H 1 (xi,x 2 ) and H 2 (x 3 , X4) be chosen among the four families of order 6, 
and let D — diag(l, e lSl , ...,e lSs ). Then the matrices 







H and 



H 1 (xi,x 2 ) DH 2 (x 3 , Xi ) 
Hi(xi,x 2 ) -DH 2 (x 3 , Xi ) 



(33) 



form nine-parameter families of (dephased) complex Hadamard matrices, significantly ex- 
tending the lisl£ of order 12 matrices. 
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